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Abstract 
 
In order to analyze a floating body with arbitrary shape, large number of panels should be used to obtain 
good accuracy results because the whole body must be discretized. In order to obtain high accuracy 
results with relatively small number of panels, higher order boundary element method (HOBEM) is used 
to compute an asymmetric model in the present study. The hydrodynamic characteristics of the body in 
terms of added mass, damping coefficients, wave exciting forces and moments, body motions amplitude, 
and wave elevations on the free surface are evaluated at various incident wavelengths by HOBEM. 
HOBEM which is based on the potential flow theory divides the body into a certain number of panels 
and uses quadratic representation for both the quadrilateral panels and unknown velocity potentials on 
each panel. The velocity potential on each panel is considered to vary so that high accuracy results can be 
obtained with small number of panels. The accuracy of the computed results is checked numerically 
using Haskind-Newman and energy conservation relations. Head and oblique waves cases are analyzed 
to demonstrate the applicability of the method. From the computation results, the asymmetric effect of 
the computed model could be shown. 
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1. Introduction 
 
In the field of ocean engineering, it is common 
to deal with problems where a body is 
considered to be floating in waves. Some sample 
devices which implement this type of problems 
are floating breakwaters, wave energy extraction 
devices, etc. In these problems, the body is 
considered to be either freely floating or 
constrained by mooring. Moreover, the incident 
wave is assumed to be coming from certain 
directions which will excite the motions of the 
body. Some important parameters which usually 
need to be determined are the hydrodynamic 
forces, body motions of the body and wave 
elevations on the free surface. 
 
Because of the high complexity of the problems, 
numerical analysis would be more convenient to 
use than analytical solution. Numerous 
numerical methods have been developed and 
implemented to analyze the problems. One of 
the popular approaches to be used for boundary 
value type problems is boundary element 
method (BEM). Since this method was 
introduced by Brebbia and Dominguez [1], the 
method has attract many attention and widely 
used to solve various problems from linear and 
simple to strongly nonlinear problems for 
example the research perform by Grilli, et al. [2] 
and Skourup et al. [3].  
 
However, similar to other numerical methods, 
BEM has also a main drawback of having high 
computation time and costs caused by domain 
discretization. In order to resolve the problem, 
Kashiwagi [4] developed higher order boundary 
element method (HOBEM). The method will be 
employed to analyze and compute a model with 
asymmetric shape in the present study. In the 
optimization scheme such as attempted by 
Kashiwagi and Mahmuddin [5], a more optimal 
performance model could be later obtained by 
analyzing an asymmetric shape. 
 
In HOBEM, the wetted body surface is divided 
into certain number of quadrilateral panels. The 
boundary integral equation and free-surface 
Green function are solved to determine the 
velocity potentials of the radiation and 
diffraction problems which satisfy the boundary 
conditions. Each panel on the body surface is 
represented by 9-nodes and the velocity 
potentials in each panel are assumed to be 
varied. Consequently, greater accuracy can be 
obtained using less number of panels comparing 
to conventional boundary element method. 
Moreover, the accuracy of numerical 
computations is confirmed using several 
relations and properties such as Haskind-
Newman and energy relations. 
 
In order to demonstrate the applicability of the 
method, head and oblique waves cases are 
analyzed. The computation results in terms of 
hydrodynamic forces, body motions amplitude 
and wave elevations on the free surface will be 
used to analyze the asymmetric effect of the 
model. It can be shown from this analysis that 
HOBEM can be used to compute an asymmetric 
floating body efficiently.  
 
 
2. Solution Method 
 
2.1. Boundary Integral Solution 
 
In order to address the problem in this study, an 
asymmetric floating body shape is assumed. The 
body is asymmetric with respect to x, y and z-
axes as shown in the adopted coordinate system 
below. 
 
 
 
Figure 1. Coordinate system and normal vector 
definitions 
 
The center of the coordinate system or origin 
point (O) is placed at the center of the body and 
on the undisturbed free surface, and the z -axis 
is taken positive vertically downward. Normal 
vector n is defined to be positive when pointing 
outward from body surface and the water depth 
is assumed to be infinite. The regular wave is 
considered to be incoming with incident angle 
  with respect to the negative x -axis as shown 
in Fig. 1. Thus 180  deg. means the incoming 
incident wave is from the positive x -axis or 
head waves. 
 
It is assumed that the fluid flow is 
incompressible and inviscid with irrotational 
motion so that the velocity potentials can be 
introduced which satisfy Laplace’s equation as 
governing equation. The boundary conditions 
are linearized and all oscillatory quantities are 
assumed to be time-harmonic with circular 
frequency  . Applying superposition principle, 
the velocity potential can be expressed as a 
summation of the incident-wave potential 0  
and the disturbance potential   as follows: 
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where 0  and   can be given explicitly as 
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with g  the acceleration of gravity, a  the 
amplitude of incident wave, and K  the wave 
number given by 2 /K g . In Eq.(3), 7  
denotes the scattering potential in the diffraction 
problem, and j  is the radiation potential in the 
j-th mode of body motion with complex 
amplitude jX . 6 mode of motions that we 
consider in the present study are surge ( 1j  ), 
sway ( 2j  ), heave ( 3j  ), roll ( 4j  ), pitch (
5j  ), and yaw ( 6j  ). For the diffraction 
problem, the sum of 0 7   is denoted as D , 
which is referred to as the diffraction potential. 
 
The governing equations and boundary 
conditions to be satisfied are Laplace [L], free 
z
y
x
n
O
surface [F], body [H] and bottom [B] boundary 
conditions which can be written as follows: 
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and also an appropriate radiation condition of 
outgoing waves must be satisfied for 1 7j   . 
Here HS denotes the body wetted surface and jn  
the j-th component of the normal vector. 
 
In order to determine 7  
and j in Eq.(3), 
Green’s theorem is used to turn the govening 
differential equations of the present problem into 
integral equations on the boundary. That 
boundary surface can be only the body surface 
HS  by introducing the free-surface Green 
function, and the resulting integral equations can 
be written in the form 
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where ( )C P  is the solid angle, ( , , )P x y z  is the 
field point, ( ', ', ')Q x y z  is the integration point 
on the body surface. ( ; )G P Q  is the free-surface 
Green function satisfying the linearized free-
surface and radiation conditions, which can be 
expressed as 
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Here 0( )K kR  denotes the second kind of 
modified Bessel function of zero-th order and 
(2)
0 ( )H KR  the second kind of Hankel function of 
zero-th order. 
 
2.2. Body Surface Representation 
 
In order to determine the unknown velocity 
potentials, the body surface is discretized into a 
number of quadrilateral panels which is 
represented by the boundary integral equation 
shown above. This integral equation was 
numerically solved by the Higher-Order 
Boundary Element Method (HOBEM), 
described in Kashiwagi [4].  
 
According to the concept of iso-parametric 
representation, both body surface and unknown 
velocity potential on each panel are represented 
with 9-point quadratic shape functions 
( , ) ( 1 9)kN k     as follows: 
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where ( , , )k k kx y z  are local coordinates at 9-nodal 
points on a panel under consideration, and 
likewise k denotes the value of the velocity 
potential (which is to be determined) at 9-nodal 
points of a panel. 
 
The shape function in Eqs.(12) and (13) for a 
quadrilateral panel can be expressed in the form 
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where index k  denotes the local node number 
( 1 9)k   , as shown in Fig. 2. 
 
 
 
Figure 2. Quadrilateral 9-node Lagrangian 
element 
 
The normal vector on the body surface (each 
panel) can be computed with differentiation of 
the shape function as follows: 
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Through a series of substitution, finally the 
bounday integral equations can be recast in a 
series of algebraic equations for the velocity 
potentials at nodal points consisting of panels. 
The results can be expressed in the form 
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index n denotes the serial n-th panel, index m  
the global serial number of nodal points, and 
( , )n k  is also the serial number of nodal points 
associated with (to be computed from) the k-th 
local node within the n-th panel. ( , )J   in 
Eqs.(18) and (19) denotes the Jacobian in the 
variable transformation. NT denotes the total 
number of nodal points and thus Eq.(17) is a 
linear system of simultaneous equations with 
dimension of NT NT  for the unknown velocity 
potentials at nodal points. The solid angle mC  in 
Eq.(17) is computed numerically by considering 
the equi-potential condition that a uniform 
potential applied over a closed domain produces 
no flux and thus zero normal velocities over the 
entire boundary. 
 
The free-surface Green function, given by 
Eq.(11), can be computed efficiently by 
combining several expressions such as the 
power series, asymptotic expansions, and 
recursion formulae which are described in 
Kashiwagi et al. [6]. 
 
2.3. Hydrodynamic Forces and Body Motions 
 
The velocity potentials on the body surface 
which are obtained from the previous 
subsection, are used to compute the 
hydrodynamic forces using the following 
equations 
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where ijF  is the radiation force in the i-th 
direction due to the j-th mode of motion. Its real 
and imaginary parts are the added mass ijA  and 
damping coefficient ijB , respectively. jE  in 
Eq.(21) denotes the wave-exciting force.  
 
These quantities are expressed with respect to 
the origin of the coordinate system shown in 
Fig. 1, and can be combined to obtain 
corresponding quantities expressed with respect 
to the center of gravity; which will be used in 
establishing the motion equations. These motion 
equations in matrix form can be expressed as 
follows: 
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Superscript G means quantities with respect to 
the center of gravity. ijM denotes the generalized 
mass matrix, ij  is the Kroenecker’s delta, and 
G
ijC is the restoring-force coefficients due to the 
static pressure.  
 
By solving these coupled motion equations, the 
complex motion amplitude GjX  can be 
determined and then the corresponding complex 
amplitude with respect to the origin (O) of the 
coordinate system  ( 1 6)jX j    can be obtained 
from 
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where jkl  denotes the alternating tensor for the 
outer product of vectors and ( )  ( 1 3)G kx k    the 
ordinates of the center of gravity. 
 
2.4. Numerical Confirmation 
 
In order to check the accuracy of the 
computation, Haskind-Newman relation for the 
wave-exciting force and the energy-conservation 
relation for the damping coefficient are used. 
These relations are expressed as 
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where ( , )jH K   denotes the so-called Kochin 
function in the radiation problem, expressed as  
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*( , )jH K  in Eq.(25) represents the conjugation of 
( , ).jH K   
 
2.5. Wave Elevations on Free Surface 
 
The wave elevation on the free surface in the 
linear theory can be computed from 
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where the velocity potentials due to disturbance 
by a floating body at any position on the free 
surface can be computed from 
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For diffraction problem, substituting body 
boundary condition in (6), we have 
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Similarly for radiation problem, it can be written 
as 
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In HOBEM, the velocity potentials can be 
computed by using the shape function and the 
solutions of the velocity potentials at nodal 
points. The integrals in Eqs.(29) and (30) can be 
evaluated by summation over all panels, on 
which element computations can be done using 
the same scheme for the coefficients shown in 
Eqs.(18) and (19), with point P  is placed on the 
free surface. 
 
 
3. Results and Discussion 
 
3.1. Computed Model 
 
In this study, an asymmetric shape is determined 
and computed. The computed model shape and 
notations are shown in the following figure. 
 
 
 
Figure 3. Computed model shape and notations 
A
B=2b
A/2
b
C
D
The dimensions of the model are shown in 
nondimensional form in Table 1. Half of body 
breadth (b) is used to non-dimensionalized the 
dimensions. 
 
Table 1. Model dimensions 
Parameter Unit 
Length (A) 4 
Breadth (B=2b) 2 
Draft (C) 1 
Arc distance (D) 1 
 
As shown in Fig. 3, the computed model is 
originally a box which is cut a quarter by a 
rectangular with volume b x A/2 x C to remove 
x- and y-axes symmetry. Moreover, half part of 
the model is made to be in cylindric shape to 
remove symmetry with respect to z-axis. 
 
In order to be able to compute the model, some 
geometrical parameters need to be assumed 
which are center of gravity (OG) and roll 
gyrational radius (KYY). These parameters can 
only be determined after the real model is 
constructed. The nondimensional value of these 
parameters used in the whole computation in the 
present study are shown in Table 2 below. 
 
Table 2. Assumed geometrical parameters 
Parameter Unit 
Center of gravity (OG) 0.6 
Roll gyrational radius (KYY) 0.7 
 
The computation is performed with 82 panels 
and 255 nodes. The number of panels and nodes 
are relatively small since the present study used 
the higher order of boundary element method 
which could good accuracy with small number 
of panels as explained before. 
 
3.2. Head Waves Case 
 
A computation is performed for the case when 
the incident wave angle 𝛽 = 180°  or head 
waves case. Added mass (𝐴𝑖𝑖) and damping 
coefficients (𝐵𝑖𝑖) obtained from computation for 
𝑖 = 1~6 are shown for reference in Fig. 4. 
 
The values of 𝐴𝑖𝑖  and 𝐵𝑖𝑖  shown in Fig. 4 are in 
nondimensional form using 𝜌∇ for 𝑖 = 1~3 and 
𝜌∇𝜔  for 𝑖 = 4~6  for non-dimensionalisation 
where ∇  is the volume of the model. The 
abscissa is the incident wavelength (𝜆∞/𝐵 =
𝜋/𝐾𝑏). 
 
  
 
Figure 4. Added mass and damping coefficient 
for head waves case 
 
The wave exciting forces (𝐸𝑖 ) for 𝑖 = 1~6  of 
the model for head waves case are shown in 
following figure. 
 
 
 
Figure 5. Wave exciting forces and moments 
for head waves case 
 
The values of the wave exciting forces and 
moments shown in Fig. 5 are also in non-
dimensional form using 𝜌𝑔𝜁𝑎𝐴𝑤   for 𝑖 = 1~3 
and 𝜌𝑔𝜁𝑎∇  for 𝑖 = 4~6 for non-
dimensionalisation where 𝐴𝑤  is the waterplane 
area of the model.  
 
From Fig. 5 we can notice clearly the effect of 
asymmetric shape of the model because the 
wave exciting forces and moments for sway 
( 𝑖 = 2) , roll ( 𝑖 = 4)  and yaw (𝑖 = 6)  are not 
zero. These parameters in symmetric shape 
should be zero for head waves case.  
 
We can also see from Fig. 5 that the wave 
exciting forces and moments of surge (𝑖 = 1) is 
relatively higher than other modes because of 
the stronger force to front part of the model from 
incoming incident waves.  
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With these wave exciting forces and moments 
used as the right hand side terms in Eg.(22), the 
body motions amplitude are computed. The 
computation results of body motions amplitude 
for head waves case are shown in the following 
figure 
 
 
 
Figure 6. Body motions amplitude for head 
waves case 
 
The body motions amplitude shown in Fig. 6 are 
non-dimensionalized using the wave incident 
amplitude 𝜁𝑎  for 𝑖 = 1~3 and 𝜁𝑎𝑘  for 𝑖 = 4~6. 
As we can see from Fig. 6, the same conclusion 
can be taken about the symmetric effect of the 
model by observing non-zero value of sway 
(𝑖 = 2), roll (𝑖 = 4) and yaw (𝑖 = 6). Another 
thing we can see from Fig. 6 that the heave 
(𝑖 = 3)  and pitch (𝑖 = 5)  motions are higher 
than other modes of motion which is natural 
considering the head waves case. 
 
3.3. Oblique Waves Case 
 
In order to analyze the model hydrodynamic and 
characteristics body motions from computation 
results, two different incident wave angles are 
computed which are when 𝛽1 = 135°  and 
𝛽2 = 225° which are illustrated in the following 
figure.  
 
 
 
Figure 7. 𝛽1 and 𝛽2 directions 
 
The computation results of wave exciting forces 
and moments when 𝛽1 = 135° are shown in the 
following figure. 
 
 
 
Figure 8. Wave exciting forces and moments 
for 𝛽1 = 135° case 
 
Comparing the computation results shown in Fig. 
8 with the results obtained previously shown in 
Fig. 5, the trend of all modes are similar. Rather 
significant different can be seen for magnitude 
of surge (𝑖 = 1)  and sway (𝑖 = 2 ). The 
reduction of surge exciting forces and the 
increase of the sway exciting forces are caused 
by the incident waves coming from rectangular 
cut part of the body. 
 
The body motions amplitude for 𝛽1 = 135° case 
are shown below 
 
 
 
Figure 9. Body motions amplitude for 
𝛽1 = 135° case 
 
From Fig. 9, we can see that the body motions 
amplitude are relative smaller even for surge 
(𝑖 = 1)  and heave (𝑖 = 3)  which are 
significantly larger in previous results. This 
phenomena can be attributed to the reduction of 
wave exciting forces as shown in Fig. 8. 
 


/B=/Kb
A
m
p
li
tu
d
e/

a
(.
k)
0 1 2 3 4 5 6 7
0
0.5
1
1.5
2
2.5
3
3.5
4
4.5
Surge
Sway
Heave
Roll
Pitch
Yaw
Body Motions Amplitude =180
o
z
y
x
O
1=135
o
2=225
o


/B=/Kb
0 1 2 3 4 5 6 7
0
0.2
0.4
0.6
0.8
1
Surge
Sway
Heave
Roll
Pitch
Yaw
Wave Exciting Force =135
o


/B=/Kb
A
m
p
li
tu
d
e/

a
(.
k)
0 1 2 3 4 5 6 7
0
0.5
1
1.5
2
2.5
3
3.5
4
4.5
Surge
Sway
Heave
Roll
Pitch
Yaw
Body Motions Amplitude =135
o
For the second case when 𝛽2 = 225° , the 
computation results of wave exciting forces and 
moments are shown in the figure below 
 
 
 
Figure 10. Wave exciting forces for 
𝛽1 = 225° case 
 
From Fig. 10, we can see more reduction of the 
wave exciting force of surge (𝑖 = 1) . It even 
reaches zero wave exciting force when 𝜆∞/
𝐵 =2.5 which is at the natural frequency 
approximity.  
 
The computation results of body motions 
amplitude for 𝛽2 case are shown below 
 
 
 
Figure 11. Body motions amplitude for 
𝛽2 = 225° case 
 
As we can see from Fig. 11, the pitch and heave 
motions are larger than 𝛽1 case but still smaller 
than head waves case which is caused by the 
more moderate body shape in this plane 
compared to the previous case. 
 
The wave elevations on the free surface are also 
computed by using Eq.(26). Since the wave 
elevations will vary depending on the 
measurement location, three different positions 
along the 𝑥 -axis (centerline of the body) are 
drawn for the wave measurement. The distance 
of these positions from the origin of coordinate 
system are equal to 𝑦/𝑏 = −4, −8,  and −10 . 
The wave elevations are shown in non-
dimensional form using incident wave 
amplitude(𝜁𝑎)  for non-dimensionalisation. The 
obtained computation results are shown below. 
 
 
(a) 
 
(b) 
 
(c) 
 
(d) 
 
Figure 11. Wave elevation for oblique waves 
cases: (a) (b) for 𝛽1 case, (c) (d) for 𝛽2 case. 
 
From Fig. 11, we can notice that when the body 
is fixed (fixed motions case), the wave 
elevations for 𝛽1 case and 𝛽2 case are similar in 
trend and magnitude while they are very much 
different in trend when the body is freely 
moving (free motions case). 
 
 
Conclusions 
 
An asymmetric model shape has been evaluated 
using higher order boundary element method 
(HOBEM) in the present study. The asymmetric 
effect can be confirmed from wave exciting 
forces and body motions amplitude. The effect 
of wave exciting forces and moments to body 
motions amplitude are also analyzed. Wave 
elevations for fixed and free motions cases for 
the chosen model can also be obtained. 
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